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We study the effects of heat flows and velocity shear on the parallel firehose instability in weakly collisional plasma flow.
For this purpose we apply an anisotropic 16-momentsMHD fluid closure model that takes into account the pressure and
temperature anisotropy, as well as the effect of anisotropic heat flux. The linear stability analysis of the firehose modes
is carried out in the incompressible limit, where the MHD flow is parallel to the background magnetic field, while
the velocity is sheared in the direction transverse to the flow direction. It seems that an increase of the velocity shear
parameter leads to higher growth rates of the firehose instability. The increase of the instability growth rate is most
profound for perturbations with oblique wave-numbers k⊥/k‖ < 1. The heat flux parameter introduces an asymmetry
of the instability growth in the shear plane: perturbations with wave-vectors with a component in the direction of the
velocity shear grow significantly stronger as compared to those with components in the opposite direction. We discuss
the implications of the presented study on the observable features of the solar wind and possible measurements of local
parameters of the solar wind based on the stability constraints set by the firehose instability.
I. INTRODUCTION
It is well known that in low density, ionized, rarefied flows,
magnetic field effects can dominate over the particle collision
effects. Such systems can exhibit different values of temper-
ature and pressure when measured along and normal to the
direction of the background magnetic field. In such flows
the anisotropic effect of the gyration of the charged particles
around magnetic field lines dominates over the isotropic parti-
cle collision process leading to a plasma with anisotropic ther-
modynamic properties.
Anisotropic ionized flows are prone to a number of kinetic
instabilities that tap energy from the magnetic anisotropy and
grow due to various destabilization mechanisms. Flows where
the thermal energy dominates over the magnetic energy are
prone to the firehose instability1–5. When the pressure parallel
to the magnetic field is sufficiently higher than the perpendic-
ular pressure, transverse kink perturbations of the magnetic
field can become unstable and grow exponentially in time.
Also, it has been shown that in viscous dissipation, anisotropy
plays a significant role in the heating of the solar coronal
plasma shear flows6, even when other effects are abandoned.
The firehose instability has gained much attention
recenty7–15, since it is believed to be one of the primary ki-
netic instabilities affecting the solar and stellar wind dynam-
ics. The importance of the firehose instability in various as-
trophysical situations is also recognized13. Still, much of the
observational evidence about the development of the instabil-
ity comes from the measurements of pressure anisotropies in
solar wind fluctuations16–20.
It has been shown that the nonlinear development of the mi-
croscopic firehose instability can affect the large-scale dynam-
ics of astrophysical plasmas21. A more detailed analysis of the
instability development at nonlinear amplitudes can be con-
ducted by means of numerical simulations13,22. Moreover, di-
rect numerical simulations of the classical firehose instability
using a hybrid-kinetic numerical approximation confirm the
predictions of the standard linear theory on the exponentially
growing instability23. In the isotropic limit, the plasma non-
equilibrium thermalization manifested by periodic or rapid
aperiodic variations of the system entropy in time, leads to
strong coupling of different MHD wave modes (described in
a similar mathematical framework as for waves in shear flows)
and also to development of parametric instabilities24.
The theoretical framework for many of the advances in
the analysis of magnetically anisotropic flows using a fluid
description, is adopting the Chew-Goldberger-Low (CGL)
approximation25. This limit exploits the simplicity of a fluid
description by using a closure model that leads to two differ-
ent equations of state, viz. parallel and perpendicular to the
magnetic field. Thus, the CGL limit is often referred to as a
double adiabatic anisotropic MHD description.
The purpose of the present paper is to study the properties
of the firehose instability in weakly ionized anisotropic shear
flows with heat fluxes. Waves and instabilities of anisotropic
MHD shear flows have been studied in the framework of the
non-modal approach in the CGL limit26. The CGL closure
model neglects heat fluxes as low frequency phenomena and
uses the double adiabatic approximation for the analysis of
higher frequencymodes. On the other hand, the velocity shear
of the flow is acting on the shearing time-scales: these time-
scales are usually much longer than the short time scales de-
scribed within the CGL limit and are comparable to the time
scales of thermal processes. Therefore, we here employ a so-
called 16-moments anisotropic MHD model that can be ef-
fectively used to analyze low frequency phenomena in such
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flows28,29. This approximation enables us to study anisotropic
plasmas with heat fluxes using the fluid description. Indeed,
the 16-moments formalism has already proven to be success-
ful in analyzing waves and instabilities in weakly collisional
media30–34.
In this paper, we present a stability analysis of the low fre-
quency incompressible perturbations to the anisotropic MHD
shear flows with heat fluxes. The physical model of the prob-
lem is described in Sec. 2, where the steady-state flow, the
linear perturbations and the stability analysis of both uniform
and sheared flows are described, respectively. The effects of
the velocity shear and anisotropic heat fluxes are summarized
in Sec. 3.
II. PHYSICAL MODEL
The incompressible anisotropic MHD system can be de-
scribed in the 16-moments approximation by using the fol-
lowing simplified fluid model28,29,33:
dV
dt
+
∇P⊥
ρ
+
B× (∇×B)
4piρ
=
∇‖
ρ
(
(P⊥ − P‖)
B
B2
)
,
(1)
dB
dt
−∇‖V = 0 , (2)
∇ ·B = 0 , (3)
and the incompressibility condition:
∇ ·V = 0 , (4)
where the following notations are used for the shortness:
d/dt ≡ ∂/∂t+V · ∇ ,
∇‖ ≡
B · ∇
B
.
The equations of state in the parallel and perpendicular to the
magnetic field directions now include the heat fluxes:
d
dt
(
P‖B
2
ρ3
)
= −
B2
ρ3
(
∇‖
(
S‖
B
)
+
2S⊥
B2
∇‖B
)
, (5)
and
d
dt
(
P⊥
ρB
)
= −
B2
ρ
∇‖
(
S⊥
B2
)
. (6)
The CGL MHD equations can be derived by setting the heat
flux parameters to zero (S⊥ = S‖ = 0) in Eqs. (5) and
(6). The full closure of the system f Eqs.(1-6) can be accom-
plished through the 16-moments closure model that provides
two more equations for the heat fluxes, namely:
d
dt
(
S‖B
3
ρ4
)
= −
3P‖B
2
ρ4
∇‖
(
P‖
ρ
)
, (7)
and
d
dt
(
S⊥
ρ2
)
= −
P‖
Bρ2
(
∇‖
(
P⊥
ρ
)
+
P⊥
ρ
P⊥ − P‖
P‖B
∇‖B
)
.
(8)
A. Steady-state equilibrium flow
We consider a stationary, weakly collisional MHD flow
parallel to the uniform background magnetic field in the
x−direction, with a velocity profile that is sheared linearly
in the transverse (y−)direction:
V0 = (Ay, 0, 0) , B0 = (B0, 0, 0) , (9)
where A is the transverse shear parameter of the parallel ve-
locity. Assuming the similar physical origins of the pressure
and heat flux anisotropy in the rarefied flow, we introduce the
pressure anisotropy parameter as follows:
α = P⊥0/P‖0 = S⊥0/S‖0 . (10)
Such a flowmatches the average configuration of the solar and
stellar winds locally, where the flow convexity and turbulent
component can be neglected. Indeed it is known that, while
being stable global configurations, such flows can exhibit a
number of micro-instabilities depending on themagnetic field,
anisotropy and heat flux parameters.
B. Linear stability analysis
For the purpose of the stability analysis, we introduce linear
perturbations of the background incompressible parallel shear
flow embedded in a uniform magnetic field as follows:
V = V0 +V
′ , B = B0 +B
′ ,
P‖ = P0‖ + P
′
‖ , P⊥ = P0⊥ + P
′
⊥ , (11)
S‖ = S0‖ + S
′
‖ , S⊥ = S0⊥ + S
′
⊥ ,
whereV′ ≪ V0, B
′ ≪ B0, etc., and
C2‖ ≡ P‖0/ρ0 , C
2
⊥ ≡ P⊥0/ρ0 . (12)
Defining the Alfve´n velocity as
VA = B0/
√
4piρ , (13)
we may introduce parallel and perpendicular plasma beta pa-
rameters as follows:
β‖ = 4piP‖0/B
2
0 , β⊥ = 4piP⊥0/B
2
0 . (14)
Effects of the heat fluxes can be described by the non-
dimensional heat flux parameters33:
γ‖ = ρS‖0/P
2
‖0 , γ⊥ = ρS⊥0/P
2
⊥0 . (15)
In the present paper, we introduce parallel and perpendicular
heat flux parameters that also account for the magnetic field
of the plasma:
q‖ = 2γ‖β
1/2
‖ , q⊥ = 2γ⊥β
1/2
⊥ . (16)
Hence, upon substituting Eqs. (12) into the Eqs. (1-6) and
neglecting all the nonlinear terms, we can obtain the linear
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system of partial differential equations describing the dynam-
ics of perturbations in the anisotropic MHD flow. This sys-
tem can be analyzed in the shearing sheet limit, where spatial
Fourier expansion with time dependent wave-numbers can be
employed as follows:

P ′‖(r, t)/P‖0
P ′⊥(r, t)/P⊥0
S′‖(r, t)/P‖0
S′⊥(r, t)/P⊥0
V
′(r, t)/VA
B
′(r, t)/B0


∝


ip‖(k, τ)
ip⊥(k, τ)
s‖(k, τ)
s⊥(k, τ)
v(k, τ)
ib(k, τ)

 exp
(
ik(τ)
r
L
)
.
(17)
Here, L corresponds to the characteristic length-scale of the
flow, τ is the non-dimensional time variable
τ = tVA/L , (18)
R is the normalized velocity shear parameter
R = AL/VA ,
and ky(τ) is the non-dimensional shearing wave-number of
the perturbation harmonics:
ky(t) = ky0 −Rkxτ .
In this framework we may derive the system of differential
equations governing the linear dynamics of perturbation har-
monics of the incompressible anisotropic shear flow system:
v˙x(τ) = Rvy(τ)− β⊥
k2⊥
kx
p⊥(τ) −
∆βk2x + k
2
kx
bx(τ) , (19)
v˙y(τ) = β⊥kyp⊥(τ) + kybx(τ) − (1 + ∆β)kxby(τ) , (20)
p˙⊥(τ) = kxvx(τ) +Rby(τ)− kxs⊥(τ) + iq⊥αkxbx(τ) ,(21)
s˙‖(τ) = −
3iq‖
2
kxvx(τ) + 6Rvy(τ) − 3β⊥
k2⊥
kx
p⊥(τ) −
− 3
2∆βk2x + k
2
kx
bx(τ) −
3iq‖
2
Rby(τ) , (22)
s˙⊥(τ) = β‖kxp⊥(τ) + ∆βkxbx(τ) , (23)
b˙x(τ) = Rby(τ) + kxvx(τ) , (24)
b˙y(τ) = kxvy(τ) , (25)
(26)
where
k2⊥ = k
2
y + k
2
z ,
k2 = k2x + k
2
⊥ , (27)
∆β ≡ β⊥ − β‖ ,
and the dot denotes the temporal derivative, e.g. ψ˙(τ) ≡
dψ/dτ .
C. Firehose instability in uniform flows
In the zero-shear limit (R = 0), ky and thus also all coeffi-
cients in the differential equations become time-independent.
FIG. 1. Sketch illustration of the firehose instability in the flow par-
allel to the magnetic field. Instability occurs when the transverse
effective pressure acting on the perturbed magnetic tube is less than
the parallel pressure: P⊥0+B
2
0/4pi < P||0 and c
2
F < 0. In this case,
transverse Alfve´nic deformation of the magnetic field lines grow in
time exponentially.
Hence, we may use a spectral expansion of the linear pertur-
bations in time∝ exp(iωτ) and obtain the dispersion equation
of the incompressible, anisotropic MHD system, which reads
as follows: [
ω2 − (1 + ∆β)k2x
]
D0 = 0 , (28)
where
D0 ≡ ω
4 − (1 + β⊥)k
2ω2 + αβ⊥q⊥kxk
2
⊥ω + (29)[
(1 + ∆β)k2x + (1 + β⊥ − α
2β‖)k
2
⊥
]
β‖k
2
x .
The first obvious solution of this dispersion equation is given
by the firehose mode:
ωF± = ±cFkx , (30)
where
c2F ≡ 1 + ∆β , (31)
stands for the square of the characteristic speed of the firehose
mode, when positive. It seems that kink deformations of the
parallel magnetic structures that are described by the firehose
mode do not feel the effect of heat fluxes (q‖, q⊥). Hence the
linear stability criterion for firehose instability (c2F < 0) can
be set by the balance of the parallel and perpendicular plasma
beta parameters:
β‖ > 1 + β⊥ . (32)
The growth of linear perturbations is described by ωF+ or
ωF−, depending on whether the streamwise wave-number kx
is positive or negative, respectively.
The mechanism of this classical microscopic anisotropic
MHD instability can be illustrated using a simple sketch
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shown in Fig. (1). Transverse perturbations of the magnetic
field (B′⊥ 6= 0) can be shown as kink perturbations of the
parallel magnetic structure. The response to this perturbation
consists from a combined action of the parallel and perpen-
dicular pressure and the magnetic field. If the perpendicular
pressure is lower then the parallel pressure to the extent that
even the magnetic field can not compensate for the kink de-
formation, the perturbation will grow and the instability will
be developed. Interestingly, the heat fluxes (S‖, S⊥) do not
affect this process. At least not in the uniform flow limit.
D. Firehose instability in non-uniform flows
The dynamic behaviour of linear perturbations in shear
flows (R 6= 0) are described by Eqs. (20-26). Employing
the low frequency limit, we can use the adiabatic approxima-
tion, when the time derivative of perturbation harmonics can
be generally represented as
ψ˙(k, τ) ≈ −iωψ(k, τ) . (33)
In this limit, we can derive the adiabatic dispersion equation
of the shear flow system and obtain:[
ω2 − (1 + ∆β)k2x
]
D0 + iRkxkyD1 = 0 , (34)
where
D1 ≡ (1+β⊥)ω
2−αβ⊥q⊥kxω+(β
2
⊥−β‖β⊥−β‖)k
2
x , (35)
shows the modification to the standard dispersion equation.
The implications of the velocity shear effects on the firehose
instability set by Eq. (37) are obvious. Unlike the uniform
flow result, the firehose solutions now do depend on the ve-
locity shear R as well as on the heat flux parameter q⊥.
To analyze the effect of shear flow on the classical firehose
mode we introduce the deviation from the uniform flow solu-
tion (30) as follows:
ω = ωF± +Rω1± . (36)
Substituting Eq. (36) into the Eq. (34) and neglecting terms
of order higher then R2 in the low shear limit (R < 1), we
may derive the second-order dispersion equation with respect
to ω1± as follows:
RA±ω
2
1± + (B± + iRC±)ω1± + iD± = 0 , (37)
where
A± = 4c
2
F (c
2
F − β‖)k
2
x + (3∆± − 2(1 + 2β⊥))k
2
⊥ ,(38)
B± = 2ωF±∆±k
2
⊥ , (39)
C± = (1 + 2β⊥ − 2∆±)kxky , (40)
D± = −ωF±∆±kxky , (41)
and
∆± = ±cFαβ⊥q⊥ + (1− c
2
F )(1 + 2β⊥)− c
2
F . (42)
The solution of the Eq. (36) should match the standard fire-
hose solution in the zero shear limit, i.e.
ω(R = 0) = ωF± .
This sets the following convergence requirement on the shear
flow correction:
lim
R→0
(Rω1±) = 0 . (43)
Hence, from the two solutions of the reduced dispersion equa-
tion (37), we can choose the one obeying the asymptotic con-
dition (43):
ω1± =
B± + iRC±
2RA±
[
−1 +
(
1−
4iRA±D±
(B± + iRC±)2
)1/2]
.
(44)
Using the low shear limit (R < 1) we may separate the real
and complex parts of the solution (45) for stable, unstable and
neutrally stable firehose modes:
ω =± cFkx + δ1± + iσ1± when c
2
F > 0 , (45)
ω =2iσA when c
2
F = 0 , (46)
ω = (σA + δ2±) + i (±|cF |kx + σ2±) when c
2
F < 0 , (47)
where
σA ≡ R
kxky
2k2⊥
,
describes the shear flow induced transient growth of aperiodic
perturbations, while the explicit forms of δ1±, δ2±, σ1±, σ2±
are given in the Appendix A.
III. DISCUSSION
In order to show the effects of different physical factors and
parameters on the firehose instability, we illustrate analytic
solutions given by Eqs. (45)-(47).
Fig. (2) shows the comparison of the growth rates of the
instability in a uniform flow to flows with different values of
the velocity shear parameter. It seems that the velocity shear
effect is negligible for strictly parallel (k = kx) or perpendic-
ular (k = k⊥) perturbations. However, velocity shear induces
a significant boost to the instability growth rates for perturba-
tions with wave-vectors oblique to the magnetic field.
Fig. (3) shows the growth rates of the instability in uniform
and sheared flows for different values of the vertical wave-
number. It seems that the effect of the velocity shear is most
profound on the vertically uniform perturbations with kz = 0.
The increase of the instability growth rates is most profound
for nearly parallel perturbations with kx/k <∼ 1.
Fig. (4) shows the growth rates of the instability in flows
with different heat flux parameters. Interestingly, the effect
of heat fluxes introduces an asymmetry of the firehose insta-
bility growth in wave-number space: perturbations having a
transverse component pointing in the direction of the velocity
shear (ky > 0), are amplified, while the perturbations with
4
FIG. 2. The growth rate of the firehose instability as function of the angle φ of the wave vector with respect to the direction of the magnetic
field. Here, α = 0.5, β‖ = 2, q⊥ = 0.2, kz = 1, c
2
F = −0.01 and R = 0.05, 0.2, 0.4 (left to right). The horizontal axis corresponds to
the direction parallel and the vertical axis to the direction perpendicular to the magnetic field, respectively. The red dashed line shows the
instability growth rate for uniform flows (R = 0), while the solid blue line shows the velocity shear modification. It seems that an increase of
the shear parameter leads to stronger instabilities for perturbations with oblique wave-numbers: φ ∼ pi/4.
FIG. 3. The growth rate of the firehose instability as function of the angle φ of the wave vector with respect to the direction of the magnetic
field. Here, α = 0.5, β‖ = 2, q⊥ = 0.2, R = 0.05, c
2
F = −0.01 and kz = 0, 1, 2 (left to right). It seems that the velocity shear effect is the
strongest for vertically uniform perturbations (kz = 0), while small scale perturbations with kz > 1 remain largely insensitive to the velocity
shear effects.
wave vectors pointing in the opposite direction (ky < 0), are
somewhat suppressed. Notably weaker asymmetry is intro-
duced in the streamwise direction: perturbations in the kx > 0
area grow stronger in comparison to those in the kx < 0 area.
Finally Fig. (5) shows the growth rates of the instability
for different values of the firehose parameter c2F . The effects
of the velocity shear are most profound for marginally unsta-
ble perturbations, while the violent firehose processes remain
largely insensitive to the velocity shear modifications.
It seems that low frequency processes in the anisotropic
flows that are marginally unstable to firehose perturbations
can be significantly modified by the velocity shear as well as
by heat fluxes of the MHD medium. The parallel firehose in-
stability acquires a transverse component in shear flows and,
hence, is affected by the heat fluxes. Thus the observable fea-
tures of the MHD fluctuations can be significantly modified in
high shear regions of anisotropic flows.
In solar and stellar winds the combined effect of the ve-
locity shear and heat fluxes can be an additional source of
turbulence and anomalous heating in rarefied magnetized out-
flows. The firehose instability can lead to enhanced turbulence
in anisotropic MHD flows. Thus, sustained fluctuations of the
solar wind can occur in areas of phase space where no in-
stabilities are present. Therefore, observations of the fluctua-
tions in the solar wind can be a powerful tool for analyzing the
physical conditions in the wind using the stability considera-
tions for local perturbations. Indeed, the firehose instability
modified by the effects of velocity shear and heat fluxes can
draw the energy of the background flow into turbulent fluctu-
ations and, ultimately, into heat via dissipative effects which
can be included in the solar/stellar models in terms of statis-
tically proven macroscopic wave heating and pressure gradi-
ent quantities35,36. It is also interesting to elaborate on the
role of the firehose instability in the dynamics of the smaller
scale flows like solar coronal jets, for which quasi-oscillatory
precursors in the mean intensity variations recently have been
5
FIG. 4. The growth rate of the firehose instability as function of the angle φ of the wave vector with respect to the direction of the magnetic
field. Here, α = 0.5, β‖ = 2, kz = 1, c
2
F = −0.01, R = 0.2 and q⊥ = 0.2, 2, 10 (left to right). It seems that an increase of the heat flux
parameter (q⊥) leads to an asymmetry of the instability growth in shear flows.
FIG. 5. The growth rate of the firehose instability as function of the angle φ of the wave vector with respect to the direction of the magnetic
field. Here, α = 0.5, β‖ = 2, kz = 1, R = 0.4 and c
2
F = −0.01,−0.1,−0.2 (left to right). The velocity shear effects are most profound for
weakly unstable perturbations.
observed37 that pretend to be triggers of the instability pro-
cesses occurring in coronal bright points.
Thus, the analytic solutions derived in the present paper can
be used to study the features of the solar wind fluctuations by
deducing the physical conditions in the outflow, such as the
parameters of the heat fluxes and the azimuthal velocity shear
of the radial outflow.
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APPENDIX: FIREHOSE SOLUTION IN
NON-UNIFORM FLOWS
The modification of the firehose solutions in non-uniform
flows can be described in low shear limit (R < 1) using Eqs.
(44-46). In these quations we have introduced number of no-
tations for the shortness of the presentation in the main text
of the article. Shear flow modification in the stable (c2F > 0)
flow configuration to the real:
δ1± =
k⊥(t)
2
8cFkxA±∆±
{
M1‖k
2
x +
|kx∆±|
kx∆±
σ2A[2β⊥ + 1− 2∆±]
2
}
,
(A1)
and imaginary parts of the frequency ω:
σ1± = σA
P1‖k
2
x + P1⊥k⊥(t)
2
2A±
, (A2)
where
η ≡ α|cF |β⊥q⊥ , (A3)
and
M1‖ = 8c
2
F∆
2
±
(
−1 +
|kx∆±|
kx∆±
)
, (A4)
P1‖ = 4[(c
2
F − 1)(c
2
F − β‖ + 2)− β⊥ + 1] , (A5)
P1⊥ = ∆± +
(
1 +
|kx∆±|
kx∆±
)
[±η − 2c2F (1 + β⊥)] .(A6)
Shear flow modification in the unstable flow configuration
(c2F < 0) to the real:
δ2± = −σ
2
Aαβ⊥q⊥k⊥(t)
2 × (A7)
×
(M2‖ + η
2N2‖)k
2
x + (M2⊥ + η
2N2⊥)k⊥(t)
2
T2
,
and imaginary parts of the frequency ω:
σ2± = ∓
σ2Ak⊥(t)
2
2|cF |
× (A8)
×
(P2‖ + η
2Q2‖)k
2
x + (P2⊥ + η
2Q2⊥)k⊥(t)
2
T2
.
where
T2 = [η
2 − (2c2F (1 + β⊥)− (1 + 2β⊥))
2]{[4c2F × (A9)
×(c2F − β‖)k
2
x − (6c
2
F (1 + β⊥)−
−(1 + 2β⊥))k⊥(t)
2]2 + 9η2k⊥(t)
4} ,
M2‖ = 4c
2
F (c
2
F − β‖)(−2β⊥(−2c
2
F + 1)− (A10)
−4β‖ + 1)× (2β⊥(2c
2
F + 4β‖ − 5)− 4β‖ + 3) ,
N2‖ = 16c
2
Fk
2
x(c
2
F − β‖) , (A11)
M2⊥ = 3[1 + 2(c
2
F + β‖)(2c
2
F − 1)]
2[2(c2F − 1)(c
2
F + (A12)
+β‖) + 1] + [6(c
2
F + β‖)(c
2
F + 2β‖ − 2) + 1 + 2β⊥]×
×[−2β⊥(−2c
2
F + 1)− 4β‖ + 1][2β⊥ ×
×(2c2F + 4β‖ − 5)− 4β‖ + 3] ,
N2⊥ = 48(c
2
F + β‖)(β‖ − 1) + 4 + 8β⊥ , (A13)
P2‖ = 4(c
2
F − β‖)c
2
F [1 + 2(c
2
F + β‖)(2c
2
F − 1)]
2 × (A14)
×[2(c2F − 1)(c
2
F + β‖) + 1] ,
7
Q2‖ = 32c
4
F (β
2
‖ − c
4
F ) , (A15)
P2⊥ = [6(c
2
F + β‖)(c
2
F + 2β‖ − 2) + 1 + 2β⊥]× (A16)
[1 + 2(c2F + β‖)(2c
2
F − 1)]
2(2(c2F − 1)(c
2
F + β‖) + 1) ,
Q2⊥ = 12η
2 + 3([2β⊥(−2c
2
F + 1)− 4β‖ + 1][2β⊥ × (A17)
×(c2F + 2β‖ − 2) + 1 + 2β⊥](c
2
F + β‖)c
2
F + 4β‖ − 5)−
−4β‖ + 3]− 8[6(c
2
F + β‖)(c
2
F + 2β‖ − 2) + 1 + 2β⊥]×
×(c2F + β‖)c
2
F . (A18)
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